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The restrictions imposed by anomaly cancellation on the chiral fermion content of nonsupersymmetric gauge
theories based on various groups are studied in spacetime diméhsién 8, and 10. In particular, we show
that the only mathematically consistent chig&ll(5) theory inD=6 contains three nonidentical generations.
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[. INTRODUCTION In order to make our paper self-contained, we first review
in Sec. Il the different types of chiral anomalies which will
Despite its numerous successes, the standard model be relevant in the sequel. In Sec. Ill, we impose the absence
particle physics is far from being satisfactory. The fermionof anomaly in(nonsupersymmetriggauge theories based on
sector is particularly puzzling. Among other problems, oneany of the group$SU(3)® SU(2)®U(1), SU(5), SO(10),
may wonder why there are so many different fermions, withandEg, in dimensionsD =6, 8, and 10, and deduce in each
apparently arbitrary quantum numbers und&U(3) case the possible fermion contents. Among the various cases,
®SU(2)®U(1), and why it ispossible to divide them into the SU(5)-based theories are the most constrained: in par-
three generations. ticular, in six dimensions, only theories withy=0 mod 3
The first question can be partially answered: the quantungenerations are anomaly-free. Let us emphasize right away
numbers ensure the cancellation of all potentially dangerouthat, because charge conjugation does not change chirality in
chiral anomalieg1]. Historically, the latter were discovered D=6, this SU(5) solution is not a trivial generalization of
[2] while most fermions of the standard model were alreadythe well-known 4D construction. In Sec. IV, we study the
known experimentally: the absence of anomalies was more possible embedding of the 4D standard model in this 6D
way of checking the consisten@yposteriorithan a predic- SU(5) theory. We give some conclusions and prospects for
tive tool. Nevertheless, the anomaly cancellation conditiorfuture works in Sec. V. Finally, some useful results and dem-
led to an alternative prediction of the existence oftlipiark  onstrations are given in the Appendixes A and B.
[3]. Furthermore, it has been shown that, with some addi-
tional assumption, namely, that the fermions may only be
SU(2)[SU(3)] singlets or doubletstriplets], an anomaly-
free fermion content with the minimal number of fields fits A symmetry is said to be anomalous if it exists at the
precisely within one generation of the standard mddgl classical level, but does not survive quantization. In some
However, four-dimensional anomalies do not explain whycases anomalies are welcome, as in#fledecay[2]. These
there should be three generations in nature. harmless anomalies are always associated with global sym-
Various explanations for the existence of several generametries of the Lagrangian. In opposition, anomalies which
tions have been proposed. In theories with extra dimensiongffect local symmetries, in particular gauge symmetries,
for instance, the number of generations can be relatedeopardize the theory consistency. Such anomalies spoil
through the index theorem, to the topology of the compactenormalizability; but even in the case of effectieepriori
manifold [5] or to the winding of some field configuration non-renormalizable theories, they destroy unitarity, leading
(see e.g.[6]). In the Connes-Lott version of the standard to theories without predictive pow§t0]. Consistent models
model in noncommutative geometry, the existence of sponshould therefore either contain none of these anomalies, or
taneous chiral symmetry breaking requires the existence afutomatically cancel thefil,12. Conversely, the cancella-
more than one generati¢ii]. Recently, it has been proposed tion condition gives useful constraints on the structure of a
that anomalies could actually yield a constraint on the numtheory, and especially on its fermion contgbg], as we shall
ber of generations, provided the cancellation of anomaliesecall in Sec. IIl.
takes place in aBU(3)® SU(2)®U(1) theory that lives in We shall be interested in the so-called chiral anomalies,
six spacetime dimension(§D) [8]. which involve chiral fermions in the presence of gauge fields
In this paper, we shall further investigate the anomalyand/or gravitons. They can be divided in two classes: local
cancellation condition in arbitrary spacetime dimension, ex{Sec. Il A) and global(or nonperturbative; see Sec. 1),B
tending the discussion df8] to larger groups containing according to whether they can be calculated perturbatively or
SU3)®SU(2)®U(1). We shall only consider the case of not.
even dimensions: in odd dimensions, there is no chirality,
hence no chiral anomaly, and the closest equivalent, the par-
ity anomaly, can be canceled by a Chern-Simons term in the
action [9]. Also, since anomalies yield no information on  Local anomalies are related to infinitesimal gauge and/or
vectorlike generations, we shall only derive constraints orcoordinate transformations. They arise from a typical kind of
the numbem, of chiral generations. Feynman diagram, which leads to a possible non-

Il. SHORT REVIEW OF CHIRAL ANOMALIES

A. Local anomalies
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The symmetrized traces of E(R.1) can be expressed in
terms of traces over products of the generatidrof the
fundamental representation, and can sometimes be factor-
ized. The first property reduces the number of traces which

anomaly for D=4 anomaly for D'= 6 must be calculated, provided the coefficients relating the
traces over arbitrary generators to the traces ovetitae
known[14,18. The second property is due to the existence
of basic(i.e., non-factorizabletraces, the number of which,
and the number of generators they involve, being related to

anomaly for D = 8 anomaly for D = 10 the rank and the Casimir operators of the group. A simple

example isSU(2), which is of rank 1, with the unique Ca-

FIG. 1. Anomalous diagrams ih=4, 6, 8, and 10 dimensions. simir operator q-)z; a trace involving more than two genera-
Each external leg stands for any of the gauge bosons of the theo%rS can be factorized:

while the fermions circulating in the internal lines can be in any
relevant representation of the gauge group.

P gatige grotp STHTETOTC) o S(TH(TET?) Tr T9) =0, 2.2
conservation of the gauge symmetry current or the energy-
momentum tensor. The topology of these diagrams depends STHTATPTETY) e S(Tr(TAT®) Tr(TCTY). (2.3
on the spacetime dimensidh In D=4, these are the well-

known triangle diagram§2]. In 6-, 8-, and 10-dimensional |n other words, the triangle diagram fp8U(2)]° (some-
theories, the corresponding possibly anomalous diagrams afines called cubic anomalyanishes for anysU(2) repre-
respectively the so-called box, pentagonal, and hexagongkentation of fermions. Equatiof2.3) states that the quartic
diagramg[ 14,15, represented together with the triangle dia- Sy(2) anomaly is factorizable.
gram in Fig. 1. The pure gauge anomalg.1) vanishes either if the group
One can distinguish three types of local anomalies, acis “safe” [11,17, as is the case foBU(2) in four dimen-
cording to the nature of the external legs of the anomalousjons, or if the fermion content of the theory is properly
diagrams. Diagrams with only gauge bosons correspond tghosen. Nevertheless, it is possible that part of the anomaly
the pure gauge anomaly. On the other hand, when all externgy zero thanks to the matter content, while the remaining part
legs are gravitons, the diagram yields the pure gravitationatan be canceled by an additional tensor, through the Green-

anomaly[ 16]. Finally, the mixed anomaly correspond to dia- Schwarz mechanisifi9], as will be discussed later.
grams with both gauge bosons and gravitpi®,17]. These

various types are illustrated, in the casdbof 6 dimensions, 2. Pure gravitational anomaly

in Fig. 2.
g The gravitational anomalyl6] represents a breakdown of

1. Pure gauge anomaly general covariance, or, equivalently, of the conservation of

) ) the energy-momentum tensor, due to parity-violating cou-

In the pure gauge case, the anomaly is proportional 10 gjings between fermions and gravitons. In particular, chiral
group factor, which multiplies a Feynman integral: fermions obviously violate parity, and lead to such anoma-

lies. A necessary and sufficient condition for the absence of
local gravitational anomaly is therefore the identity of the

b D/2+1 b D/2+1
> STH(TaTP ... TP2* )_RED STHTAT? ... T2, numbers of left- and right-handed fermions:

° 2.1)
~Ng.=0. 2.4

D D

where the notation STr means that the trace is performed

over the symmetrized product of the gauge group generators As we recall in Appendix A2, in dimensiol = 4k

T2. This Symmetrization is related to the Bose-Einstein Sta'charge Conjugation f||ps Chira"ty, while it does not I

tistics of the interaction fields. The sums run over all left- —=4k+ 2. Therefore, a left-handed Weyl fermion field con-

and right-handedin the D-dimensional sense; see AppendiX tains a left-handed particle and an antiparticle with opposite

A) fermions of the theory belonging to the representalin  (jdentica) chirality in D=4k (D=4k+2). Such a field is,
from the gravitational point of view, vector-like in dimension

71' yw a% 6666 4k, while it is chiral in dimension k+2. Thus, the local

gravitational anomaly always vanishes if the spacetime di-
mension isD =4k.

f LLL % %% Note that a gravitational anomaly can always be canceled

(a) (b) () l:_)y the ao_ldltlon_c_Jf the rl_ght number of gauge singlet chiral

fields. This addition obviously does not affect the gauge and

FIG. 2. Local[(a) pure gauge(b) mixed, and(c) pure gravita- Mmixed anomalies. Therefore, this anomaly does not yield a

tional] anomalies in 6 dimensions. Wavy external legs stand forvery stringent constraint from the phenomenological point of

gauge bosons, while loopy legs stand for gravitons. view.
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3. Mixed anomaly; Green-Schwarz mechanism Coordinate transformations which cannot be reached con-
tinuously from the identity give rise to possible global gravi-

The mixed gauge-gravitational anomalyig. 2, diagram ; ; ; )
gauge-g akig 9 tational anomalied16]. In a (4k+2)-dimensional space-

b)] is proportional to the product of a gauge group factor
(b)] is prop b gauge group time, these anomalies vanish when conditig) holds: the

and a gravitational term. The latter vanishes when the num= - o k
ber of gravitons is od@16]. cancellation of the local gravitational anomaly automatically

When the mixed anomaly does not vanish thanks to grougNSures that the global one is zeroQl- 8k dimensions, the
properties or an appropriate fermion choice, it may still be@nomaly vanishes only if the number @fpin z) Wey! fer-

canceled through the Green-Schwarz mecharf&®h This mions _coupled to grav!ty is even; otherw_ise, the theory.is
mechanism relies on the existence, in dimendba 6, of inconsistent. Note that in that case, there is no local gravita-
tensors which, with properly chosen couplings, can cancdional anomaly_. This is similar to the _possibilit_y of global
anomalies proportional to the trace of the produckgfen- ~ 92uge anomalies fd8U(2) in 4 dimensions, while there is
erators, with 2<k<D/2—1. The anomalies which can be N0 corresponding local anomaly. .
canceled in this way, either mixed or pure gauge, are called Fmally, there is another' important feature of anomalies,
reducible, and the others, irreducible. Since gauge and mixefnich we shall encounter in the following, related to sym-
anomalies can be factorized, the factorization may amount tg1€try breaking. When a symmetry is spontaneously broken,
dividing the anomaly into a reducible part, which can be{fom @ larger groupG into a subgroupH, anomalies may
canceled through the Green-Schwarz mechanism, and an {f€ither be created nor destroyed, and propagate GdomH.

reducible parf, which necessitates some appropriate fermionriowever, the type of the anomaly may change: a local
content. anomaly inG can become a global anomaly Bif For in-

stance, thesU(2) global anomaly irD =4 discussed above
corresponds to a loc&U(3) anomaly[22,23.
B. Global anomalies

In addition to the local anomalies discussed previously, Ill. CONSTRAINTS FROM ANOMALIES
there are also nonperturbative anomalies, which cannot be
obtained from a perturbative expansion, and will be calle
global in the following, although they are related to local
symmetries. Two types of such anomalies can arise, relate
either to gauge invariance or to gravity.

The global gauge anomal®1] occurs when there exist
gauge transformations which cannot be deduced contin
ously from the identity, in the presence of chiral fermions. In

In this section, we use chiral anomalies to restrict the
ermion content of(nonsupersymmetrictheories based on
rious gauge groups in different spacetime dimensions.
ore precisely, we shall limit ourself to the study of the
possible anomalies in every group of the familiar symmetry
[preaking sequenée

other terms, the anomaly arises when theh homotopy Ee—SOA(10)—SU(5)—SU(3)@SU(2)®U(1).

group of the gauge grou@, IIp(G), is nontrivial. The 3.1
anomaly then leads to mathematically inconsistent theories ) )

in which all physical observables are ill-defined. For each group, we shall focus on the lowest dimensional

This anomaly vanishes only if the matter content of therepresentations which might be relevant for the standard
theory is appropriate. More preciselylify(G) #0, the can- model content, namely the 27 B§, the 16 ofSOQ(10), the 5
cellation of the anomaly constrains the numb(p,_ ) and and 10 of SU(5), and theusual doublets and triplets of

N(pg,) of left- and right-handeg-uplets: SU(3)®SU(2)®U(1). These are related by
Hp(G)=Z, =Cp[N(pL, ) —N(pr,)]=0 modnp, 27-1010816—1¢(5@5)® (1853 10),
(2.5
5610 (D,L)®(Q.U,E), (3.1b

wherecp is an integer whose value depends on the space-

time dimensiorD, the gauge grouf®, and the representation where the second line are respectively one generation of

of G the fermions belong to. SU(5) and one of the standard model. The quantum numbers
In the case of th&U(2) global anomaly iD=4 dimen- of the SU(3)®SU(2)®U(1) fermions @, U, D,

sions, [14,(SU(2))=Z,, so the anomaly cancellation condi- £, ¢&) are

tion reads, for the fundamental representatiorc, (

=1), N(2L4)—N(2R4)=0 mod 2, WhereN(2L4) and 1 - _ 2

N(2R4) are the numbers of left- and right-handed Weyl fer- ( '25)’ (3'1’T>' (3'15)' (1,2-1), (112.

mions which are doublets und&U(2) [21]. (3.10

YIn fact, asufficientcondition for the existence of an irreducible  2In particular, we do not consider the more string-inspired gauge
anomaly for the gauge group is Iy, 1(G) =2, wherell . 1(G) groupsSQ(32) or Eg®Eg in D=10 or their compactifications to
is the (D + 1)-th homotopy group o6 [20]. lower dimension$19,24].

025017-3



BORGHINI, GOUVERNEUR, AND TYTGAT PHYSICAL REVIEW D65 025017

In D=4k dimensions, one may equivalently replacel(3 chirality choices for the six-dimensiongU(3)® SU(2)
—4/3) and (—31'%) by (3,1%) and (3,1 2/3), i.e., replace @_)U(l) _ferm|0ns, and to the |n_tr0duct|0n of an_add|t|o_nql
the left-handed field&,  and D, with their right-handed singlet in each generation. An important resu_lt is that it is
. D D ) necessary to have more than one generation, in order to can-

charge conjugatesif®)r,, (D )r,. However, since the (g the global anomalig8]. Furthermore, if the generations
(4k+2)-dimensional charge conjugation does not flip chiral-are identical, i.e., have the same chiralities, their nunmier
ity, the choices are no longer equivalentOn=6 or 10. is a multiple of 3, up to an arbitrary number of vector-like

Similar studies have been carried out before, under morpairs of generations. However, relaxing the requirement that
restrictive assumptions, either without the benefit of thelocal anomalies cancel in each generation, there arise other
Green-Schwarz mechanism to cancel reducible anomaliesnomaly-free solutions with three generations.
[25], or using only one representation per group to cancel the It is also possible to keep our original quantum number

reducible anomalief26,27). assignment, Eqg.(3.19. With that choice, there is no
anomaly-free solution with only one or two generationg:
A. Constraints in D=6 dimensions =3. There are several solutions with the “minimal” three-

tgeneration content. For instance, one might take three copies

anomaly-free fermion content in four dimensions. In everyOf the locally -anomaly-free generation composed  of
case, the anomalies cancel within a generation, and thus the 6’Z’{R6’_DR§’£'-6’5R6’ and a right-handed S'”‘%"éfbr thg IO'_

do not restrict the number of generations. We shall show th&f@! gravitational anomaly A drawback of this solution is
the situation is rather different iD=6, where anomalies that it cannot be embedded in a larger gauge group since
yield stronger constraints than D=4. We do not impose andZ, for instance, have opposite chiralities.

As is well known, all groups we mentionned above admi

any a priori condition on the(six-dimensional chiralities of . Anqther possible solution, with three nonidentical genera-
the representations, which are not constrained by experimeHoNns, 1S
tal results.

. (QLGIUL61DL67‘CL615L6)1
1. SU(3)®@SU(2)®@U(1) anomalies

In the case of the grouBU(3)®SU(2)®U(1), the
anomalies which may ar?se irF:Bsi>(< gimenéio)ns aﬁe (QuolhioDroLligbiy),

local gauge anomalies, the only irreducible one being
[SU(3)]%U(1), and possibly [U(1)]* if Tr Y2 vanishes, (Or. Ur ., DL L1 ER), (3.3
whereY is the generator of) (1). If TrY?#0, [U(1)]*is o e e e
reducible, as areSU(3)]%, [SU(2)]%, [SU(3)]1?[SU(2)]?,

and[SU(2)]{U(1)]2 and they all can be canceled by at plus SU(3)®SU(2)®U(1) singlets. In that case, local
most three Green-Sc’hwarz tensors: anomalies do not vanish within a single generation, but

mixed anomalies, represented in Figb2 where the rather between one generation and two copieﬂ)psf and
gauge bosons belong 8U(3), SU(2), orU(1), arereduc- £, TO obtain three full generations, we used the freedom to
ible, and canceled by the same tensors which are used for tlld vector-like, anomaly-free representations, .14, and

pure gauge anomalies. £. An obvious problem is that the latter could be given Dirac
local gravitational anomalies; mass terms and be decoupled from the low-energy theory. A
global gauge anomalies, sincHg(SU(3))=Zs and simple, however admittedly inelegant, way to prevent this is

I[Tg(SU(2))=2Z15. to assign some discrete symmetry to these extra fields, such

All in all, there are four conditions which must be satis- as Qr,— — Qr, While Q| _—Q, ; it is anyway necessary to

fied: the sums of the hypercharges over 8¥(3) triplets  jmplement such a symmetry in order to recover a 4D chiral
and antitriplets must vanish. Then, there must be as Maneory by compactification on an orbifold.
left- as right-handed fields. Finally, using E@Q.5 with cg Finally, note that there are still other 3-generation solu-
=2 for theSU(2) doublets ands=1 for theSU(3) triplets  tjons, as well as solutions with for instaneg=5, which are
(28], we find that the numbers of doublets and triplets mushot replications of solutions witim,=3. Nevertheless, we
satisfy wish to emphasize that there is a feature which does not
depend on the quantum number assignment. If one requires
N(ZLG)_N(ZRG):O mod 6, (3.28 identical generations, then the only anomaly-free solutions
consist ofng=0 mod 3 generations, each of which must
N(3,)—N(3g,)=0 mod6. (3.2D  have no local anomaly: each generation only brings 2 or 4
(left- minus right-handeddoublets or triplets, while mul-
As mentioned above, the extension of the standard modeiples of 6 are necessary, see E(&2).
in D=6 dimensions gives several inequivalent models with When this additional condition is not imposed, the num-
different assignments of the quantum numbers. The consiser of generations is not strictly fixed by the anomaly can-
tency of the theory, with a given assignment, has been studtellation requirement. This compels us to examine whether
ied previously, under the assumption that local anomaliegven more stringent conditions might be derived from larger
cancel within a single generatidB]. This leads to specific groups in the sequence E®.19.
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TABLE |. Coefficients in the symmetrized trace factorization cancel the irreducible part of the gauge anomaly. Of course,

Eqg. (3.5 for the lowest dimensio$U(5) representations. one may add other identical copies of this set of three fami-
p lies: the number of generationsng=0 mod 3.
K A4(5K) A (5K) As stated in Sec. Il A, the reducible part of the anomaly

can be canceled through the Green-Schwarz mechanism, by

io ; _13 2 introducing a self-dual, antisymmetric tensd9,31. The
10 3 3 3 same tensor allows us to also cancel the mixed anomaly. This
- latter is proportional to TrT2TP), see diagrantb) of Fig. 2,

> 4 L 0 and does not vanish with our fermion choice.

Let us now consider the local gravitational anomaly. As
recalled above, it vanishes provided the numbers of left- and
right-handed fields are the same. The fermion content im-

It was soon recognized that it might be possible to explairposed by the cancellation of the gauge anomaly consists of
some of the arbitrary features of the standard model by ems+5+5+10+10 left- and 10 right-handed Weyl fermions. In
bedding SU(3)®SU(2)®U(1) in a larger gauge group addition, the self-dual antisymmetric tensor contributes for
[29]. The minimal solution relying on a simple Lie group is 28 Weyl right-handed fermiongl6]. All in all, three addi-
the Georgi-Glashov8U(5) model[30], in which the stan- tional left-handed fermions, necessarily singlets under

dard model fermions are represented by () generations. SU(5), arerequired to cancel the anomaly.

Let us review the various possible anomalies of a 6D While there can be local anomalies of every type—gauge,
SU(S) theory, and, first of a||, the local gauge anoma|y_miXEd, and gravitational—unless the fermion content of the
Sincell,(SU(5))=Z, a single representation has an irreduc-theory is carefully chosen, the theory cannot be spoiled by
ible anomaly. Takindd =6 in Eq.(2.1), the cancellation con- the global gauge anomaly, because the sixth homotopy group
dition reads of SU(S) is trivial.

In conclusion, imposing the absence of anomaly for a

chiral SU(5) theory in 6 dimensions fixes its gauged fermion
> STr(TaTbTCTd)—; STTATTCTY)=0. (3.4 Comem:( ) y gaud
6

2. SU(5) anomalies in six dimensions

Lg
These traces must be calculated for both representaﬁons 5 (5)L6 (S)Le (5)L6
and 10, relating them to the traces over the generafoo$ 10, 10, 10k (3.7
6 6 6

the fundamentaSU(5) representatioiwe follow the nota-

tions of [14]): and requires the introduction of a self-dual antisymmetric

tensor and three left-handed singlets. This solution is not the

minimal anomaly-free solution with $ and 10s: we have
+ AZA(5.k) S(Tr(t2°) Tr(t%tY)), added a vector-like 10 to obtain three full generations, and
3.5 the remarks following Eq(3.3) also apply here.
' What does this solution we propose become wB&lf5)

wherek labels the representation under stully: 1 for the IS broken intoSU(3)®SU(2)@U(1)? Given the chirality
fundamental representation =2 for the 10,k=3 for the  assignments of Ed3.7), we actually recover the three chiral
1_0, andk=4 for the 5 The coefficients are given in Table I. SU(.3).®SU(2)®U(1) gener@tlons of Eq(3.3. We shall
Note that the coefficients in the cake 1 are trivial. explicitly chec_k that this is indeed an anoma!y—free set of
Both traces in the right-hand side of E&.5) are nonva- three generations, although we already know it must be the
nishing, but only the trace over four matrices is irreducible.©35€ SINCE NO anomaly can have been created Biti6)

To cancel this first part, one must choose the fermion content®> broken.

- . - As we have seen above, the only irreducible gauge
of the theory appropriately. The S|mplest solutiapart from anomaly is[SU(3)]°U(1), since one easily checks that
vector-like generauor)smade of 5510 representations con- TrY2#0. This anomaly is proportional to

sists in taking three () (g, two 1Q , and a 1@ : the resulting

STH T Tho Tio Tlo) = Aa(5.K) STttt )

anomaly is proportlonal to } E_ —_4 z 11 4 _g
2X|3*37 |3 *3) |l 3

3A4(5,4) +2A4(5,2 —As5,2=3+(—6)—(—3)=0,
(3.6) =0, (3.8

where the minus sign is due to the opposite chirality of theyhere the factor ¢ 1)? reflects both right-handed chirality
10z, If we consider that a &nd a 10 form a generatidn, andA4(3,2)=—1 for the 3 The other, reducible anomalies
thIS means that we need threenidenticalgenerations to are destroyed through the Green-Schwarz mechanism: the
single tensor which was used to cancel 81d(5) anomalies
somewhat splits into different parts, which in turn cancel the
3We shall comment on this issue in Sec. V. SU3)®SU(2)®U(1) anomalies after breaking.
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TABLE II. PossibleSU(5) andSU(3)®SU(2)®U(1) anoma-  local anomalies are required to vanish within each genera-
lies in 6 dimensions. tion. On the other hand, in the present paper, we do not
impose this condition, and we still have to addSJ(5)

D=6 SU(5) SU(3)esuU(2)eU(1) singlets to our 3 chiral generations.

pure gauge yes yes This coincidence naturally leads to the idea that both

mixed yes yes models could be embedded in more fur?damen.tal theorlgs
gravitational yes yes based on a Iarg_er symmetry group. The first obwous candi-
global o yes date, which unifies the 15 Weyl fermions of a given genera-

tion of the standard model with &U(5) or SU(3)
®SU(2)®U(1) singlet in a single representation, is the or-
thogonal group5O(10), with its spinorial 16 representation
[32]. Next, we shall consider the case of the exceptional

The SU(5) singlet fermions, which were introduced to
cancel the gravitational anomaly, are n@&W(3)® SU(2) e
®U(1) singlets. Since gravity is insensitive to the breakinggrOUp 6

of other interactions, the gravitational anomaly cancellation The case 05.0(10) IS _rather difterent from the previous
remains valid. groups we considered. Sintk,(SO(10))=Z, there must be

i i 4_
Global gauge anomalies, on the other hand, depend on ! wrfec:\uulbelse anomaly. (Ijndhee:j, Tfﬁ) =16 for any genelra—E
gauge group: while there is none &1J(5), bothSU(2) and tor of the spinor, and the local pure gauge anomaly, Eq.

SU(3) can possibly have such anomalies. As seen abové?'d')i has_a n_onvan_ishing irreducible pé?6,33. Therefore,
their cancellation requires 0 mod 6 doublétsft- minus a Ch'.ra.l S|x-d|mens]onaBO(10) theory cannot be anpmaly-
right-handedl and 0 mod 6 tripletssee Eq.(2.5]. Our free if it only contains copies of the 16 representation.

L : e e It was quite obvious from the beginning that the
SU(5)-inspired solution satisfies both conditions(2, ) 3-generatiog anomaly-freédU(5) solution gq 3 g,) cannot

_N(236)29f3:6 andN(3Le)_N(3Re):9_.3.:6' From  pe trivially promoted to anSO(10) model. As a 16 of
thg pomt_of view ofS U(3)®SU(2_)®U(1), this is the con- SO(10) transform as 510s1 underSU(5), the (5, and
dition which suggests some restriction on the number of gen:-L f the third . o f 6 |
erations. INSU(5), thecondition comes from the irreducible Org O.t ? t |.r generauon' cannot originate 'rom a singie
part of the gauge anomaly. This is a striking example of thel6, which is either left- or right-handed. But since we have
change of nature of an anomaly when a group is broken. Shown that a 16 o5((10) is always anomalous in six di-

Therefore, the anomaly-free three-generati®U(5)  Mensions, it cannot either yield a consisteStU(3)
theory becomes an anomaly-fre@U(3)@SU(2)oU(1)  ®SU(2)®U(1) theory. _
theory when the symmetry is broken, as expected. On the To cancel this anomaly, one should either add another 16
other hand, all other anomaly-free, six-dimensio8&)(3)  With opposite chirality—but this amounts to losing the
®SU(2)®U(1) theories do not originate from SU(5) chirality of the theory—or add some other, new matter field,
theory. This is for instance the case of the solution with 3Which spoils the simplicity researched when embedding
identical generations we mentionned in the discussion ofU(3)®SU(2)®U(1) or SU(5) in SO(10). For example,
SU(3)®SU(2)®U(1) anomalies, since th® and £ have On€ might consider two left-handed and a right-handed 16,
opposite chiralities, and cannot come from a single 5 plus a left-handed 10. The 46and a 16, form a vector-like

We have summarized in Table 1l the different anomaliesPair, and are therefore anomaly-free. The irreducible parts of
which can affecBU(5) andSU(3)® SU(2)® U(1) theories  the pure gauge anomalies of the remaining kd the 10,
in six dimensions. Note that while there is no global anomalycancel[26,33, as will be obvious when we discugg. The
anomaly inSU(5), there is one in the standard model group, other local anomalies are in a sense harmless, since they can
which automatically vanishes for 8U(3)@ SU(2)@ U (1) be canceled by the Green-Schwarz mechaniseducible

matter content which comes fro®U(5). anomalieg or by adding gauge singletdgravitational
anomaly. Furthermore, there is no global gauge anomaly,
3. Six-dimensional S@10) and E; anomalies becausdl(SO(10))=0.

When SO(10) is broken intoSU(5), the 16 ofthis
anomaly-free solution transform as in E&.1b, while the

10, yields (5®§)L6. All'in all, we recover the fermion con-

As we have just shown, a six-dimensior®lU(5) theory
is anomaly-free only if the numbex of chiral generations is
a multiple of 3, with specific chirality assignments for the -
various 5and 10 which yield the matter content of the stan-tent of Eq.(3.3), with in addition a pair 5 @ (5),, in which
dard model, plus additionaBU(5) singlets. For the eco- the irreducible anomalies cancel, see Table I. This pair can

nomical solutionng= 3, there are three such singlets. be decoupled from the low energy spectrum by a Dirac mass
A similar result was obtained ifi8], where each chiral term.
generation must be addedSU(3)® SU(2)®U(1) singlet Let us now consideEg. In that group, the basic, nonfac-

to cancel the gravitational anomaly. In both cases, it is nectorizable traces are the traces over products of 2, 5, 6, 8, 9,
essary to introduce as many gauge singlets as there are chieald 12 generatorf6]. Therefore, the local gauge anomaly
generations, although it should be noted that the underlyings factorizable inD=6. There only remains a reducible part,
reasons are different. [18], the number of extra fermions is which can be canceled through the Green-Schwarz mecha-
necessarily equal to the number of chiral families, since thaism, which also protects the theory against mixed anoma-
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lies. Similarly, the gravitational anomalies of a single 27 can TABLE lll. Coefficients in the symmetrized trace factorization
be canceled by adding singlet fermions with the appropriatéor the lowest dimensionSU(5) representations in 8 dimensions.
chirality. Since the sixth homotopy group B§ is trivial, Eg
has no global gauge anomaly in six dimensions. Thus, a siX? =8 K As(5k) AZ(5K)
dimensionaEg theory, with a Green-Schwarz tensor and sin-

. . 1 1 0
glet fermions, is anomaly-free, whatever the number of 27§0 5 11 10
of the theory. i 3 11 ~10
When the symmetry is broken, the absence of anomaly far' 4 1 0

a single 27 ofg is transmitted to th&O(10) representation
16@ 10 1. The singlet obviously has no gauge anomaly, and
we recover the fact that the irreducible anomalies of a 16 and
a 10 with identical chiralities cancel. yields a contribution proportional to . Thus, inD=38, the
Going further in the sequence of E§.1a, the same idea gauged fermions of &U(3)©SU(2)@U(1) theory must
suggests that the irreducible parts of the pure gauge anomaatisfy the condition T¥=0. . S
lies of a 5, two 5 and a 10 ofSU(5) with identical chirali- in e'ghF d|m§n5|ons, asimple sqlutlon consists in building
ties should cancel. They do indeed, as show the values & generation W't_h left-handed versions ,Of Qel, a”di_’ Of_
A4(5,1), Ay(5,4), andA,(5,2) in Table I. This solution with Eqg. (3.10, and right-handed and&. A single generation is

. - . then free of the only irreducible local anomaly, sinceYTr
three 5.0r 5anp| allis ‘h? ml_n|m6$U(5) fermlqn content =0. In that particular case, +0, so that thU(1)]°
free of irreducible anomalies iB =6. However, it does not

. . _.anomaly is reduciblé27].* Besides, such a generation con-
contain all observed fermions of the standard model, whic YIS ucibl¢27] sices, s 9 !

; . . ; .~ 1ainsN(3..) —N(3g.)=0 triplets and two left-handed dou-
require at least 3 copies of this basic, anomaly-free buildin 8 8 ) L .
block. This then yields too many fermions, while there exist lets. It therefore automatically satisfies the conditions, Eq.
a more economical solution, E3.3). As mentionned be- (2-9, necessary to cancel th8U(3) and SU(2) global
fore, the latter consists in fact of a left-handed copy of the2homalies, due tdIg(SU(3))=21, and I1g(SU(2))=2,.

minimal (€®§$§® 10) content lus a vectorlike The only remaining constraint comes from the global gravi-
. » P ' tational anomaly, which requires either an even number of
anomaly-free pair 10® 10,

generations, or the introduction of an additional spisin-
glet fermion.
B. Constraints from anomalies inD=8 Therefore, a singleSU(3)®SU(2)®U(1) generation,

. ) . . Eqg. (3.10, with appropriate chirality choices, is anomaly-
An important difference which characterizes the study Offrge, with the helgpof pGreen-Schwgllrz tensors to cancelythe

an_omalles in elght dlmensmns is the _absence of Io_cal 9raVaducible anomalies and a Weyl fermion to protect the theory
tational anomalies, since the spacetime ksddmensional.

. . . i . against the global gravitational anomaly. Anomalies give no
This removes a condition which automatically led to the in- g g g Y g

) : . ; restriction on the number of such generations.
troduction of singlet fermions, which we shall now be able to 9
discard, unless we wish to introduce some to cancel the glo-
bal gravitational anomaly.

2. SU(5) in eight dimensions

The anomalies c8U(5) in D=8 are rather similar to the
1. SU(3)®SU(2)®U(1) anomalies in D=8 caseD =6, sincello(SU(5))=Z means that there is an ir-

When the spacetime dimensi@=8, theories based on reducible local gauge anomaly, whilég(SU(5))=0 guar-

the standard model group are less constrained than in low@htees the absence of global gauge anomaly.

dimensions. This is because almost all local gauge anomalie[ﬁ -It—htﬁ pure gau_%le anortnaly Et(%g) IS nonl-fgcgorlisbli, SO
are now reducible: fo6U(3) andSU(2), both traces at the lrreducible part must be canceled by the termion
content. The expansion in terms of symmetrized traces over

the generator of the basic representation involves the coeffi-

brcd
STHTTPTETT®) (3.9 cientsAs given in Table Ill. Given the values &5(5,2) and
As(5,4), the most economic choice consists in takimg
and =11 generations (510), with appropriate chiralities: five
((5)..®10 ) and six((5), . ®10z ).
STHTATOTeTITeTS) (3.10 (3),&10, (5)1,® 10,

The remaining, reducible part of the pure gauge anomaly,
as well as the mixed anomaly, can be canceled through the

are factorizable, and therefore the corresponding anomaligsreen-Schwarz mechanism. As announced above, there is no
can be canceled by Green-Schwarz tensors. So can be thbal gauge anomaly.

[U(1)]° and [U(1)]® anomalies in most cases. Finally,

gauge anomalies with bosons from different groups are alF——

ways reducible. 40n the other hand, in the case of a generation where all the fields
Most mixed gauge-gravity anomalous diagrams are alsef Eq. (3.19 are left-handed, which satisfies Ye=0 as well, the

reducible, with the exception of thB=8 pentagonal dia- chiralities are such that ¥ also vanishes, and the pure gauge

gram with four gravitons and 8/(1) boson. This diagram anomaly[U(1)]® is not reducible.
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Finally, the cancellation of the global gravitational pedagogical way of seeing this anomaly consists in noticing
anomaly necessitates an even number of s$pileyl fermi-  thatTlg(Eg)=Z.
ons. This requires the introduction of an odd number of sin- The same reasoning allows us to check without calcula-
glet fermions. If one prefers not to add sterile matter, thetion that a single 16 o60(10) is anomalous in 6 or 8 di-
global gravitational anomaly rules out timg=11 solution  mensions. Since the &d 10 have local anomalies which do
which cancels the local gauge anomaly. The “minimal” not cancel(this is precisely why three or eleven generations
anomaly-free solution then consists of twice the 11-are requirel a parent 16 cannot be anomaly-free.
generation solution, i.e., require,=22 reducible (% 10) On the other handze has no mixed anomaly, since the 27
generations. has no pure gauge anomalylir=4 dimensions. There is no

WhenSU(5) breaks int&SU(3)® SU(2)® U (1), the 11- global gauge anomaly eithdrtg(Eg) =0. Finally, the global
generation solution remains anomaly-free: the conditio¥i Tr gravitational anomaly can as always be canceled through the

. . . . introduction of an extra singlet.
is satisfied, sincé is a generator 08U(5); the eleven (5 Nonetheless, a chiral theoBy with fermions only in the

®10) yield N(3.,) —N(3g,)=—12 triplets andN(2.) 27 representation is anomalousDn=8 dimensions, due to
—N(2g)=8 doublets, so that there is no global gaugethe irreducible local gauge anomaly, which also spoils chiral

anomaly. eight-dimensionas O(10) theories.
On the other hand, theD=8 anomaly-free SU(3)
®SU(2)®U(1) generation we found previously does not C. Anomalies inD=10

originate fromSU(5) because of, for example, the opposite
chiralities of theD,_8 and Lr,. As in the case of six dimen-

sions, an eight-dimensionaU(5) theory is more con- As we have announced in Sec. Il B, =10, there is in

strained than a theory based 81(3)® SU(2)® U(1). most cases no constraint on the possiBlE(3)® SU(2)
®U(1) gauged fermions arising from local anomalies: only

o _ i the [U(1)]® anomaly might be irreducible, under specific
3. 50(10) and E in eight dimensions conditions. One may for example build a generation with
An SO(10) model suffers from the same problemsin left-handed versions of all fields. In that caseYf#0, so
=8 as in six dimensions. Consider, once again, a single 18hat the[U(1)]° anomaly is reduciblg27]. Both SU(3) and
The mixed gauge-gravitational anomaly involves traces oveBU(2) homotopy groups are non-triviall;o(SU(3))=2Z3,
either one or three antisymmetric generators, and therefor@nd I1,o(SU(2))=Z,5, and there might be global gauge
vanishes. The local gauge anomaly E8.9), on the other anomalies. Since the number of triplets in a generation is
hand, is nonvanishing for a 16: the trace over f&©(10)  even, a solution witm,= 15 generations is obviously free of
generators is proportional to the totally antisymmetric Levi-these anomalies. However, we shall see that information de-
Civita tensor with 10 indices, see Appendix B. The possiblerived from SO(10) will allow us to improve this result: even
remedies to cure this anomaly are the same as in six dimem single generation will be found to have no global anoma-
sions: either make the theory vector-like, or add matter fielddies.
in different SO(10) representations. In the latter case how-
ever, it becomes necessary to take care of the global gauge 2. SY(5) anomalies in D=10
anomaly, arising from the homotopy grodpg(SQ(10))  gince SU(5) is a rank 4 group, there are four Casimir
=Z5, which will constrain the number of generations as ingperators and as many basic traces, over products of 2, 3, 4,
the case 0BU(3)@ SU(2)®U(1) in 6 dimensions. In addi-  4nq 5 generators. Indeed, the trace of the product of six gen-
tion, there must be an even number of spiffermions, 10 erators can be factorized in terms of these basic traces: in the

cancel the global gravitational anomaly. case of the fundamental representafiad],
Using the same reasoning as =6 dimensions, the

eight-dimensional anomaly-fre8U(5) theory withny,=11 3
generations we have encountered above does not come from STr(tatthtdtetf)=ZS[Tr(tatbt°td)Tr(tetf)]

an SO(10) theory, because of the_XL58® 10Rs generations.

There is therefore no contradiction with the impossibility of
building anomaly-fre&s O(10) theories with the 16 represen-
tation.

To study the possible anomalies of a 27D 8, we shall
not follow the same procedure as in the six-dimensional
case. WherEg is broken intoSQ(10), the 27 transforms
following Eq. (3.1b. As always, no anomalies are created in  Therefore, after an expansion in traces over the generators
this symmetry breaking. We have seen above that the 16 aff the fundamental representation, the pure gauge anomaly
SO(10) is anomalous. However, a 10 is anomaly-free, as caig. (3.10 is fully reducible, and so is the mixed anomaly.
be checked by calculating the trace over the product of fivéAccepting the introduction of the 2-, 4-, and 6-forms of the
real generators, E@3.9). Therefore, a single 27 & has an  Green-Schwarz mechanism, these anomalies do not constrain
irreducible gauge anomaly in eight dimensions. Another, lesshe gauged fermion content, while it is impossible to cancel

1. SU(3)®SU(2)®U(1) in ten dimensions

- %S[Tr(tatb)Tr(tctd)Tr(tetf)]

1
+§S[Tr(tatbt°)Tr(tdtetf)]. (3.11)
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all these anomalies with only an appropriate choice of matter e have just seen that a single€30), ._is anomaly-free
content[14]. The gravitational anomaly does not vanish ei'in SU(5), while we mentioned previolL(jst that a 16 of

ther, but can be canceled easily by singlgt fermions. Thereso(lo) is anomalous. This means that t8&J(5) theory
fore, nothing constrains the chiralities of theabd 10 which  cannot come fron$O(10), although the explanation is more
constitute a generation, and we are free to choose them bogubtle than inD=6 or 8. The symmetry breaking sequence
left-handed, in order to recover tI®U(3)@ SU(2)o U (1) Eq. (3.1 could be further specified: in fac§O(10) breaks

solution we proposed above. into SU(5)®@U(1), sothat the 5and 10 ofSU(5) also carry
The only stringent condition comes from the global gaugesome U(1) charge(3 and —1 respectively[34]), which
anomaly, due toll;o(SU(5))=Z15. Knowing the actual gives rise to a new anomalous diagré®U(5)]°U(1). The
condition requires some knowledge of the coefficietds  contribution of this diagram, which is absent in a pure
[see Eq(2.5)] for the representations &U(5) in 10 dimen-  SU(5) theory, does not vanish, so that tB&J(5)® U(1)
sions. In any case, models with I2eft-handed generations theory is not anomaly-free, whatever the number of genera-
are anomaly free, although more “economical” solutions ex-tions, as the parer8 O(10) theory.
ist, as we show hereafter. The ten-dimensional pure gauge anomaly of the 2Eof
can be checked in the same way a®is 8. Both 10 and 16
representations o80O(10) are anomalous, and the irreduc-
ible parts of their anomalies do not can¢2b]. Therefore,
Let us now consideiSO(10) in D=10 dimensions. A the 27 is necessarily anomalous, as also shows the homotopy
single 16 representation suffers from irreducible gaugegrouplli(Eg)=2Z. Although other anomalies either can be
anomalies, sincdl;1(SQ(10))=2Z, so that chiral theories canceledin the case of the mixed and gravitational anoma-
containing only this representation are no more consistertes) or vanish[I1,4(Eg) =0, hence there is no global gauge
than inD=6 or D=8. Furthermore, for locally anomaly- anomaly, there is no way of obtaining an anomaly-frEg
free theories with an extended representation content, thereiseory with only copies of the 27, as d=8.
also a possible global anomaly duelliqy(SO(10))=2,. In summary, inD=10 it is possible to build chiral
Consider for example a (#6104 10) representation. The SU(3)®SU(2)®U(1) or SU(5) theories with any number
irreducible part of the local gauge anomaly is zero, thanks t@f generations, but they do not come frd&0(10) or Eg
the choice of fermion contefi26]. The remaining, reducible since a 16 or a 27 are always anomalous.
part of the anomaly and the mixed anomaly are canceled by
Green-Schwarz tensors. One can easily cancel the gravita-
tional anomaly with sterile fermions. Finally, four copies of IV. ANOMALY-FREE = SU(5) MODEL IN 6 DIMENSIONS
(169102 10) representations with identical chiralities will 5 this section, we investigate some of the properties of a
automatically have no global anomaly. six-dimensional model implementing the anomaly-free three-
Let us breakSO(10) intoSU(3)@ SU(2)®U(1); the re-  generationSU(5) fermion content of Eq(3.3). A salient
sulting theory is necessarily anomaly-free. Each&16  feature of these three generations is of course their non-
®10).,,yields eight left-handed triplets or antitriplets and asjgentity. We shall first investigate whether this leads to spe-
many doublets. Since the theory with broken symmetry hasific characteristics at tree levédec. IV A). Then, we review
no anomaly, it is in particular free of global anomalies.in Sec. IV B some of the possible ways of going fr&t(5)
Therefore, the conditions N(3,_10)—N(3R10)=32 and in D=6 to the standard model iD=4.

N(2L10)—N(2Rlo)=32 are sufficient to cancel th8U(3)

and SU(2) global anomalies. Inserting these results in Eq. A, Basic properties of models with three nonidenticalS U(5)
(2.5, we now have further information on the coefficients generations

1o for the doublets and triplets: botho(2) andc,¢(3) are

multiple of 15. This allows us to significantly improve our . As we have seen in Sec. llI, the _most stringent constramts
condition for SU(3)®SU(2)®U(1) in ten dimensions: in- imposed by anomalies on the fermion content affect six- and

stead of 15 generations, we see that a single one is alrea jght-dimensionaBY(5) theories. The most promising case

anomaly-free ’ IS obviouslyD =6, which hints at the necessary existence of
Therefore, iND=10, SU(3)aSU(2)8U(1) theories Mee generations, as in (e standard model.

with any number of such generations are anomaly-free, and hice feature of the&sU(5) fermion content in six dimen-

anomalies do not constraimy,. sions is the difference between the third generatiajs(S
Since an SU(3)®SU(2)®U(1) generation of left- ealORG) and the other two. This might explain why the third

handed fermions is anomaly-free, so is®d(5) generation:  standard model generation is so much heavier than the light-

a single (3510),,, is already free of the potential global est two, and we shall assume that thed10;_ yields, after

anomaly, while we only knew that a sufficient choicgwasbreaking' the top, bottonm, andv., although our discussion

ng=0 mod 120. This means that the coefficientg(5) will not depend on this assumption.

and c,(10) are both multiple of 120. As in the case of Following this idea, let us examine the possible six-

SU(2) andSU(3), it is notnecessary to actually calculate dimensional mass terms which could be given to $t5)
the coefficients to obtain interesting information. fermions. The so-called minimal symmetry breaking scheme

3. SO(10) and Eg in ten dimensions
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for SU(5) in D=4 involves two Higgs fields in the 5 and 24 and the result is thus the same f8U(5) and SO(10),
representations. The former is used to br8aK5) and can- namely sif®,,=3/8. Nonetheless, radiative corrections have
not give rise to a mass term. In fact, we shall see in Sec. IV Bo be included, which strongly depend on the nature of the
that this field is not even necessary to break the symmetry, iIGUT group.

this is done through the compactification on an orbifold. In our six-dimensional case, the predicted value for the
In opposition, the 5 Higgs field may yiel@8U(5) singlet  first two families is of course the same as in four dimensions,
terms, thanks to the tensor product decomposit[@ds$ since the chiralities are identical. ID=4, one could use
_ charge conjugation to flip some of the chiralities thereby
55=1024 changing the corresponding signs, and the result would not
L change thanks to the square powers: this shows without cal-
5®5=10®15 culation that the value is identical for the 8 10z, despite
_ the opposite chirality of the 10. Therefore, the value in our
10©10=5©45950 six-dimensionaSU(5) is also sif®,,=3/8.
5®10=5@45. 4.1 B. Dimensional reduction andSU(5) breaking

A priori, SU(5) invariance allows the construction of mass ~The combination of extra dimensions and GUT models
terms with two 10 or with a %nd a 10, independently of the brings together the issues related with both aspects. Thus,

spacetime dimension or the fermion chiralities. However,One should investigate the running of the standard model

these two ingredients do influence mass terms, since the Ia‘f—olJpIIng constants, proton dec4$5,34, the presence of

ter must be D-dimensional Lorentz invariant. monopoles, the hierarchy problem. The actual features of the

The chirality of the 10 of the third generation is oppositevarlous problems depend heavily on the localization and

— ) ) __compactification mechanisms. Although we shall not go into
to that of all other 5and 10, so that a term involving this yatail in the present paper, we would like to make a few

10, and any other fermion can be Lorentz invariant. HOW-comments and suggestions to show that our approach is not
ever, in order to have three light generations in 4D, such grossly ruled out.

term should be forbidderiSee the discussion following Eq.  Starting from aSU(5) model inD=6 dimensions, there
(3.3).] Furthermore, iF is not possible to build a Lorentz in- are several paths towar@dJ(3)® SU(2)®@U(1) in four di-
variant mass term with only left-handed fermionsD=6.  mensions. Two different steps are required, which may be
Hence, at tree level, most, but not all, of the fermions will simultaneous or notSU(5) must be broken, and the six-
remain massless after symmetry breaking. Note that this featimensional theory must be reduced into a four-dimensional
ture is due to the different chirality assignment of the differ-theory. The second operation should also involve some
ent generations in 6D, and not only to the structure of thechirality selection, since the fermions of the standard model
gauge group. Of course, the situation will be modified byhave definite, left-handed chiralities.

radiative corrections, which can generate mass terms after |n the absence of a reliable mechanism to suppress the
dimensional reduction to 4D. The rather restricted number oproton decay, a compactification scheme which allows
couplings will also affect the Cabibbo-Kobayashi-Maskawasu(5) to survive in four dimensions should likely be dis-
(CKM) matrix and one might hope to obtain in a natural waycarded.

some CP violation. In addition, compactification scheme  There has been recently a growth of interest in five-
leading to different localization patterns of the generationsdimensionalSU(5) models, either supersymmetric or not,
may further enrich the discussion. It would be interesting toyith an orbifoldS'/Z, or 31/(22®zé) [33,37,3§, as well as

see whether such a scheme, be it grand unified or not, coul p=¢g SU(5) or SO(10) models with an orbifold

give rise to non-trivial mass textures. This would relate theTZ/(ZZ®Z§) [38,39. In these studies, standard model fermi-
hierarchy of fermion masses in the standard model to theps are totally confined to an orbifold fixed point, corre-

cancellation of anomalies in 6D. _ sponding to our four-dimensional brane. The boundary con-
Before we turn to the issue of symmetry breaking andgitions on the gauge bosons can be fixed appropriately so as

compactification, let us mention another prediction of the, break SU(5) to SU(3)®SU(2)®U(1): only the zero

theory. In any grand unified theofsUT), the weak mixing  modes of the standard model gauge bosons have a non-zero

angle can be related to the traces over two generators of the,| e at the fixed point. This is an efficient way to reduce

group[3s]: proton decay probability, since there is no overlap between
9 the quarks and leptons and tB&J(5)-specific,B-violating
WAL (4.  bosons.
Try? In our six-dimensional case, if the standard model fields

are strongly localized, for instance with a vorte40], we
In four dimensions, if all the content of a single family is may then benefit from the same effect. In addition, it has
incorporated in one or more irreducible representations obeen showed that the localization of chiral fermions can en-
the GUT group, the prediction does not depend on the groughance, through loop effects, the localization of the zero
These GUT representations could contain other states, butodes of the gauge bosons to which the fermions are
the latter have to be singlets und8t(3)® SU(2)®U(1), coupled[41]. This further increases the suppression of un-
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wanted SU(5) effects. Besides, possible standard model TABLE IV. Constraints on the gauged chiral fermion content of
contributions to the proton decay may be suppressed by ‘grious theories in different spacetime dimensions.
residual spacetime symmetry, relic of the six-dimensionalt

Lorentz invariance after compactificatipa2]. This mecha- D=6 D=8 D=10
nism is however model dependent. Whether a similar effecttandard model ng=2 ng arbitrary  ng arbitrary
could suppres®-violating processes in th&U(5) model  sy(5) ng=3k ny= 11k ng arbitrary
discussed here is an open question. SO(10) no solution with only copies of the 16
An issue related with the localization of the standardg ng arbitrary no solution with 27 only

model fields is the size of the extra dimensions. If the fields
are strongly localized, as seems to be necessary to avoid an
important proton decay, then the extra dimensions might béhe matter content is very finely tuned: if a generation con-

large, with radii of the order of (10 TeV}. This is also the sists of a representationasl0, then the absence of anoma-
grand unification energy scale, where the standard modges necessitates a number of generations multiple of 3, with
couplings unify[43]. The unusual chirality of our third gen- proper chiralities, see Eq3.3). However, note that anoma-

eratlor;) d(f)e_s not modify tge _ac:]ual V?Iﬁe m#cn ii lies do not impose that a generation_be B0; one could as
TO e fair, one must admit that, although the compactifiy o choose % 10, or any such combination, although the
cation on an orbifold has many advantages, since it allow:

L . A Tondition remainsng=0 mod 3. In fact, we have men-
both ch|ra_1llty seIeonn anq symmetry breaking, it is in NOtioned that the minimal anomaly-free fermion content for
way predictive. First, it might lead to an anomalous four- . . — i o
dimensional theory if the 4D chiralities are not properly se-SY(5) N D=6 is three 5 or Swith identical chirality, plus a
lected. Then, one could hope that the constraint of the ablO Or 10 with opposite chirality. This means that anomalies
sence of anomaly in four dimensions would only leave a@'e notthe ultimate answer; there must be another ingredient
single possibility, the standard model. Unfortunately, this iswhich must be combined with anomalies. _
obviously not the case. As is clear from Eg.3), with an ~ This additional ingredient might be some principle requir-
appropriate choice of orbifold, we could as well get a singleing that the theory be built with identicdincluding the
(anomaly-freg generation irD = 4, plus vector-like fermions phlral|ty gs&gn'mer)tbundmg blocks, as the standar'd model
which could then be decoupled from the low energy specln four dimensions. I_n f[hat case, the only anomalies \{vh_|ch
trum. Therefore, even though anomalies might give an explaa@n give some restriction on the number of such building
nation of the existence of three generations, they are ndllocks are the global anomalies, both gauge and, to a lesser
restrictive enough so as to permit only one particular fermiorfXtent, gravitational. Stated differently, global anomalies are
content after dimensional reduction. the only ones which can impose to have identical copies of a

Another potentially interesting feature of our three-basic, necessarily locally anomaly-free, generation. Under
generatiorS U(5) solution is the necessary existence of thretis @ssumption, the only theories with anomaly-free fermion
extra singlets which, after compactification, will give rise to contents areSU(3)®SU(2)@U(1) in D=6, with ng=0
Kaluza-Klein towers of sterile statei@i4]. In turn, these Mod 3 [8], and six-dimensionalEe, eight- and ten-
states can give masses to the light neutrinos. dimensionalSU(3)®SU(2)®U(1), andSU(5) in D=10,

Finally, the compactification does not wholly suppress the2ll of which are anomaly-free whatever the number of iden-
Green-Schwarz tensor which was required to cancel redudical generations. _
ible SU(5) and mixed anomalies. There remain some of the Our six-dimensionaSU(5) solution, where the number
tensor components, with axion-like coupling45]. In an  Of generations is imposed by the absence of the local gauge
elaborate model, far beyond the scope of the present papéiomaly, does not satisfy this criterion. Nonetheless, the

these latter could be used to suppress the unobserved stroRgnidentity of the generations might be a blessing and could
CP violation [46]. give rise to interesting phenomenological predictions, for in-

stance regarding the hierarchy of fermion masses in the stan-
V. CONCLUSIONS dard model.

As we have shown in this paper, anomaly cancellation
restricts not only the chiral fermion content, but also the
possible Yukawa couplings of grand unified theories propa- We wish to thank Jean-Marie Feefor useful discussions
gating in extra dimensions. and suggestions. N.B. and Y.G. acknowledge support from

Our results are summarized in Table IV. For instance, wehe “Actions de Recherche Concest of the “Commu-
have shown thaS(Q(10) is not a good grand unification nauteFran@ise de Belgique” and IISN-Belgium.
candidate, be it inD=6, 8 or 10, if the standard model
fermions are'represented by the 16. One negds to mvok/gPPENDIX A CHIRALITY AND  C IN EVEN DIMENSIONS
other matter fields, beyond the standard model, in some other
representatioiisee[39] for a similar discussion in the super-  To fix the notations we use throughout the paper, and for
symmetric context But this might mean that the relevant completeness’ sake, we recall in this Appendix some basic
group is Eg, rather thanSQO(10). On the other hand, six- definitions and properties about chiral fermions in Euclidean
dimensionalSU(5) theories can be anomaly-free, provided and Minkowski spac§47].
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1. Chirality and even dimensions Using this relation, one can define a charge conjugate Dirac

The Lorentz group will be denote8O(t,s) wheret ands spinor ¥¢ which transforms exactly in the same way s

are the numbers of time and space dimensions respective[?q' (AD):
(D=t+s). A Dirac spinor obeys the following transforma-

C— —p—1l*
tion law under infinitesimal Lorentz transformations: vr=Ccw=Bw (A7)
_ 1 MN \PC — 1 EMN\I’C
sU=-somE{m¥, MN=0,...D-1, (AL (W)=~ 5 ouy (A8)

wherewyy are real coefficients ar) denote the Lorentz whereC is the charge conjugation operator.

generators in spinorial representation. The latter are given in The transformation of a chiral, Weyl fermion under
terms of Dirac 2P/2x 2[b72] matricesl’ ), where[A] is the charge conjugation depends on the numbers of space and

integer part ofA, which satisfy the Clifford algebra: time dimensions. Whens{-t)/2 is odd,{C,I'}=0, so that
charge conjugation flips chirality; otherwisg,andI” com-
SMN_ }[FM I (A2) mute, and charge conjugation does not modify the chirality
) 4" (D7 (D) of a Weyl fermion. In the “usual’ case with a single time

VR dimensiont=1, which we assume from now on, this gives
{T'oy T oyt =2nmn - (A3) -
{C,I'}=0 in D=4k,
The matrixny,y is the flat metric with signature (s). In the
following, we shall drop_ thg subscriptD(), except when [Cf]zo in D=4k+2. (A9)
there may be some ambiguity.

In any even dimensioD, one can introduce the matdX  C flips chirality in D=4k, while it does not inD=4k+2.
which is the analog ofys in D=4:
— 3. Chiral representation
F=ar°rt ..ro-t (A4) , p. . _ :
We recall a possible explicit realization of the Dir&c
where the coefficientr is conventionally chosen such as matrices for a spacetime dimensibn which has the attrac-
(F)2= 1. This matrix anticommutes with all Dirac matrices. tive feature to separate left- and right-handed fermions. This

and thus commutes with all Lorentz generatar¥N. The representation will also be useful for the trace calculation in
latter property means that the Dirac representation is redu¢*PPendix B. _ _ .

ible: a Dirac spinof¥ splits in two irreducible part¥ , and In_dimensionD, the matrices are built from the Dirac
¥ _, called Weyl spinors, which transform independentlymatr'ces in dimensio® —1 following:

under Lorentz transformations. The Weyl spinors are defined 0 1
as follows: roe. = plz
® 115, 0
1 _
+=F i N [ k
ke 2(1 A (A5) Ko 0 F?D—l)F(D—l)
"o rg, o
Throughout the paper, we replade, andW¥ _ with Ve, and A
W, respectively. 0 ro
D . . . . . D-1_ (D-1)
In odd dimensiorD, the set of Dirac matrices consists of Loy = _10 o |
the D—1 Dirac matrices in dimensio® —1, plus an addi- L (-1
tional one which is proportional td’ ). Thus, it is no
longer possible to have another matrix which could anticom-
mute with all matriced” ). This prevents the definition of o (1o 0
chirality (and therefore chiral fermions or anomaliés odd T/n= (A10)
. . (D) 0 1 !
dimensions. | —dpp

wherek=1,... D—2 andly, is theD/2-dimensional unity
matrix. As recalled above, the matricEég_l) wherek runs

Since there is only one faithful representation of the Clif-from 1 toD —3 are the Dirac matriceE'(‘D_z) in dimension
ford algebra with a given dimension, all sets of matrlcesD_z, and FI(DD_—Z;L):iFD—Z- Since the Lorentz generators

which satisfy Eq.(A3) are related by similarity transforma- 5 MN . .

. - . , Eq. (A2), are commutators of Dirac matrices, they are
* (D)

tions. As the set of the complex conjugate matricBS'y all block diagonal, made of tw®/2XD/2 blocks. These

fulfils this requirement, there exists a matisuch that blocks yield the generators of the transformation forthe,
(TY)*=Br¥B~1, (3MN)*=B3MNB~1. (A6) andWg_.

2. Charge conjugation in & and 4k+2 dimensions

025017-12
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APPENDIX B: SO(10) TRACES IN 8 DIMENSIONS gate:STS '=—T*. Since the trace involves the product of

&rS generators, it is equal to the opposite of the trace over the
conjugate generators. On the other hand, the generators are
hermitian, so that both traces over either the generators or

Aheir complex conjugates are equal. Therefore, the trace Eq.

In this appendix, we show that the symmetrized trace ove
the product of fiveSQ(10) generators does not vanish in
general, and more precisely is proportional to the Levi-Civit

tensor with 10 indices. This is analogous to the fact that i
D=4 dimensions, the triangle anomaly vanishes for ever
group SO(N) except if N=6, the trace over thre8O(6)
generators being proportional to the six-indices Levi-Civita
tensor.

We are interested in symmetrized traces which involve

generatorsT for the basic 10 and the spinorial 16 represen-

tations ofSO(10), which yield the local gauge anomalies of
the corresponding representationsDr=8. These symme-
trized traces, Eq(3.9), can be written
STH(T?)“A(TP) 7(T)NT)#(T8)P), (B1)
where all Greek indices run from O to 9. The symmetrize
trace is invariant under orthogon&lO(10) transformations
of the generators. In terms of Minkowski instead of Euclid-
ean spacetime, the trace E@1) is a SO(1,9) invariant,
which means that it is proportional to a 10-indices tensor o
a D=10 theory with appropriate symmetry properties. The
only possible one is the totally antisymmetric Levi-Civita
teNsore g, 50\ uvpo - We 0only have to check whether the pro-

B1) vanishes for the 10.
The (Dirac) spinor, reducible 32 representation®®(10)

is also a representation &O(1,9), generated by thE (),

and we may use the choice of generators of Sec. A3, in the
case D=10. These are antisymmetric, 832 matrices,
composed of two 1816 blocks, which transfornD =10

left- and right-handed Weyl fermions, which are precisely the
16 and16 of S(O(10). As noted in previous section, these
blocks involve theD =8 Dirac matricesl“?f'g), pIusF(S). Let

us take the upper block to describe our 16 representation.

Calculating the trace of a product of 16 is now straightfor-
ward: we just compute the product of the>332 matrices

{10y and then evaluate the trace over the upper block of the
product.
Consider the produck (1p)S &) (10> (10> (10 - The up-

per block is proportional to

F?S)F(lS)' ) 'FZS)F(S)OC(F(S))Zy (B2

portionality constant is zero or not, for each representation

we consider.
The representation 10 is reddy definition of SO(10)],

which is the identity matrixl,;5. Thus, the trace is non-zero,

and so is the proportionality coefficient with the Levi-Civita

and thus all generators are similar to their complex conjutensor.
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